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This talk was prepared partly as an
entertainment and partly as an historical
overview of the early days in the
study of large cardinals.

These slides do not record jokes or the
side remarks about the author’s
personal experiences.
Moreover, these slides will not be a
basis for a published paper and so
should not be quoted or referenced.
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Isaac Asimov (1920-1992)

Foundation (1951)
= = Foundation and Empire (1952)
Second Foundation (1953)
Foundation's Edge (1982)
Foundation and Earth (1986)
Prelude to Foundation (1988)
Forward the Foundation (1993)

During the lapse between writing the
sequels and prequels, Asimov tied in his
Foundation series with his various other

series, creating a single unified universe.

Asimov was one of the most
prolific writers of all time,

Hari Seldon having written or edited more
Mathematician and developer of than 500 books and an estimated
psychohistory 9,000 letters and postcards.
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Come back in time to 1960. But fear not!

The Free Speech Movement is yet in the future.
JFK is about to be elected.

A gallon of gas costs around 25 cents.

Women begin to wear mini skirts.

It will be a happy, optimistic time.

The Twilight Zone (Original Series) has just started.
The first Barbie Doll commercial aired in 1959.
Etch-a-Sketch will be introduced in 1960.

Yuri Gagarin will be the first human in space in 1961.
It will be a happy, optimistic time.

There is no Internet and no Tl Portable Calculator.
Engineers generally use slide rules.

Elvis Presley has joined the army.

The Beatles are not yet as famous as Jesus.

It will be a happy, optimistic time.

And this becomes the Decade of the Smiley Face!
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Where did Ultraproducts come from?

At the 19587 Cornell Logic Summer School, Alfred Tarski

recalled (in a private discussion) that, if algebras A, satisfy
the equations oo = 10, 01 = 19, ..., O = T,, then the quotient
of the product [] < ../, / = by the equivalence relation of

being eventually equal would satisfy all the equations.

The question was how to generalize this to first-order logic.

This query eventually resulted in the paper (from 1958/60):

D. Scott, T. Frayne, and A. Morel, Reduced direct products.
Fundamenta Mathematicae, vol. 51 (1962), pp. 195-228.
Correction, vol. 53 (1963), p.117.
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Correction to the paper ‘Reduced direct products” *
by
T. Frayne, A. C. Morel, and D. S. Scott (San Francisco)

At the suggestion of Professor Tarski, the authors wish to revise
their account of Tarski’s role in the development of the notion of re-
duced products. The following more accurate statement should replace
lines 7-16 of the first paragraph of the introduction on p. 195:

In [29] Lio§ defined the notion of logical measures in algebraic sys-
tems and established some basic properties of this notion referring pri-
marily to the case of the two-valued measure. A seemingly quite differ-
ent construction was carried through and applied by Chang and Mo-
rel in [1]. Tarski realized that both the construction of fio§ in the two-
valued case and that of Chang and Morel could be subsumed as two
special cases under one general notion, that of reduced products. He for-
mulated the definition of this concept for arbitrary algebraic systems
and suggested that the notion could be used to give a proof of the
compactness theorem in the theory of models by means of a mathemat-
ical construction; in particular, using the construction of Chang and
Morel, he gave such a proof for the class of the so-called Horn senten-
ces (cf. p. 211) At his suggestion Frayne then extended the definition
of reduced products to arbitrary relational systems, and several results
(in particular, a proof of the general compactness theorem along the
lines of Tarski’s suggestions) were subsequently obtained by Frayne
and Morel. :

* Tundamenta Mathematicae 51 (1962), pp. 195-228.

Reeu par la Rédaction le 16. 7. 1963
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Where did Ultraproducts come from?

Jerzy Los
Born: 22 March 1920 in Lwéw, Poland
Died: 1 June 1998 in Warsaw, Poland

J. Los, Quelques remarques, theoremes et problemes sur les classes definissables d'algebres.
In: Mathematical Interpretation of Formal Systems, Studies in Logic and the Foundations of
Mathematics, North Holland, 1955, pp. 98-113.

Theorem. [Los] A first-order formula is satisfied in an ultraproduct iff almost all of
the projections satisfy the formula in the corresponding factors.

Andrzej Mostowski
Born: 1 November 1913 in Lwéw, Austria-Hungary
Died: 22 August 1975 in Vancouver, Canada

Helena Rasiowa H. Rasiowa and R. Sikorski,
Born: 20 June 1917 in Vienna, Austria The Mathematics of Metamathematics,
Died: 9 Aug 1994 in Warsaw, Poland Third Edition, PWN Warsaw 1970, 519 pp.
(First Edition, 1963.)

Roman Sikorski
Born: 11 July 1920 in Mszczondw near Grodzisk Mazowiecki
Died: 12 September 1983 in Warsaw, Poland
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Where did Ultraproducts come from?

Thoralf Skolem

Born: 23 May 1887 in Sandsveer, Norway
Died: 23 March 1963 in Oslo, Norway

T. Skolem, Uber die Nicht-Charakterisierbarkeit der Zahlenreihe mittels endlich oder
abzahlbar unendlich vieler Aussagen mit ausschliesslich Zahlenvariablen,
Fundamenta Mathematicae, vol. 23 (1934), pp. 150-161.

T. Skolem, Peano's axioms and models of arithmetic, In.: Mathematical Interpretation
of Formal Systems, North-Holland, 1955, pp. 1-14.

Theorem. [Skolem] The semiring of arithmetically definable
functions has non-standard quotients satisfying all true
sentences of first-order Peano’s Arithmetic.

Theorem. [Tennenbaum] There is no recursive non-standard
model of all provable sentences of Peano’s Arithmetic.

Theorem. [Feferman] There is no arithmetically definable non-
standard model of all true sentences of Peano’s Arithmetic.
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Where did Ultraproducts come from?

Simon B. Kochen
Born: 1934, Antwerp, Belgium
Ph.D.: Ultrafiltered Products and Arithmetical Extensions.
Princeton University 1958. Supervisor: Alonzo Church.

E. Hewitt, Rings of Real-Valued Continuous Functions, Transactions of the
American Mathematical Society, vol. 64 (1948), pp. 45-99.

P. Erdds, L. Gillman and M. Henriksen, An isomorphism theorem for real
closed fields, The Annals of Mathematics, vol. 61 (1955), pp. 542-554.

S.B. Kochen, Ultraproducts in the Theory of Models,
The Annals of Mathematics, vol. 74 (1961), pp. 221-261.

Theorem (roughly stated). The quotient of a function ring of
real-valued functions can turn out to be a non-archimedian real-
closed field which may also be an n.-set as an ordered set.

Note: The GCH may be required.
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Some of the work of Keisler
on Ultraproducts

H. Jerome Keisler
Ph.D.: Ultraproducts and elementary classes,
University of California, Berkeley, 1961, 45 pp. Supervisor: Alfred Tarski

H.J. Keisler, Ultraproducts and elementary classes,
Indagationes Mathematicae, vol. 23 (1961), pp. 477—495.

C.C.Chang and H.J. Keisler, Applications of ultraproducts of pairs of cardinals
to the theory of models, Pacific Journal of Mathematics, vol. 12 (1962), pp. 835-845.

H.J. Keisler, Limit ultrapowers, Transactions of the American
Mathematical Society, vol. 107 (1963), pp. 382—408.

H.J. Keisler, Ultraproducts and saturated models,
Indagationes Mathematicae, vol. 26 (1964), pp. 179-186.

Note: The GCH was eliminated from many of Keisler’s
theorems by the remarkable work of S. Shelah.
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Where did Ultraproducts come from?

Kenneth J. Arrow
Born: August 23, 1921, New York City
John Bates Clark Medal (1957)
Nobel Prize in Economics (1972)
von Neumann Theory Prize (1986)
National Medal of Science (2004)

K.J. Arrow, A Difficulty in the Concept of Social Welfare,
Journal of Political Economy, vol. 58 (1950), pp. 328—346.

From Wikipedia: In social choice theory, non-principal
ultrafilters are used to define a rule (called a social welfare
function) for aggregating the preferences of infinitely many
individuals. Contrary to Arrow's impossibility theorem for
finitely many individuals, such a rule satisfies the conditions
(properties) that Arrow proposes (e.g., Kirman and
Sondermann, 1972). Mihara (1997, 1999) shows, however,
such rules are practically of limited interest, since they are
non-algorithmic or non-computable.
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Two Comments by Wilfrid Hodges
Model Theory [1993]

(1)
It is slightly paradoxical that three leading textbooks of model theory
(Bell & Slomson [1969], Chang & Keisler [1973], Kopperman [1972])
concentrate on the ultraproduct construction, and yet there is almost
no theorem of model theory that needs ultraproducts for its proof.
(Apart from theorems about ultraproducts, that is.)
(p. 449) [emphasis added]

(2)
Readers who enjoy going around in circles should spare a minute
to deduce the compactness theorem from Theorem 9.5.9. The rest
of us will move on to deduce a criterion for first-order axiomatisability.

(p. 453) [emphasis added]

Thank you, Prof. Hodges!
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The Very Early History of Large Cardinals

Cantor
Zermelo
Hartogs

Mahlo

Hausdorff
Sierpinski
Kuratowski
Banach
Tarski
Ulam
Tarski & Erd6s
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A. Kanamori, The Higher Infinite:
Large Cardinals in Set Theory from
Their Beginnings, Springer Verlag,
2nd corr. ed. 2005, xxii + 536 pp.

A book that should be in every
hotel room!
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Introducing Measurable Cardinals

Alfred Tarski Stanislaw Ulam
Born: 14 January 1901 in Warsaw, Russian Poland Born: 13 April 1909 in Lwéw, Austro-Hungarian Empire
Died: 26 October 1983 in Berkeley, California Died: 13 May 1984 in Santa Fe, New Mexico

Paul Erdos

Born: 26 March 1913 in Budapest, Hungary
Died: 20 September 1996 in Warsaw, Poland

S. Banach and C. Kuratowski, Sur une généralisation du probleme de la mesure,
Fundamenta Mathematicae, vol. 14 (1929), pp. 127-131,

S. Banach, Uber additive Massfunktionen in absrakten Mengen, Fundamenta
Mathematicae, vol. 15 (1930), pp. 97-101.

S. Ulam, Zur Masstheorie in der allgemeinen Mengenlehre, Fundamenta
Mathematicae, vol.16 (1930), pp. 140-150.

A. Tarski, Uber unerreichbare Kardinalzahlen, Fundamenta Mathematicae,
vol. 30 (1938), pp. 68—89.

P. Erdés and A. Tarski, On families of mutually exclusive sets,
Annals of Mathematics, vol. 44 (1943), pp. 315-329.
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Compact Cardinals

William Porter Hanf
Born: 1933 in Riverside, California
Died: 15 August 1989 in Kaneohe, Oahu
Ph.D.: Some fundamental problems with infinitely long expressions,
University of California, Berekely 1963. Supervisor: Alfred Tarski

W.P. Hanf, Models of languages with infinitely long expressions, International
Congress for Logic, Methodology and Philosophy of Science; Abstracts
of Contributed Papers, Stanford University, 1960, 24 pp.

A. Tarski, Some problems and results relevant to the foundations of set theory, Logic,
Methodology, and Philosophy of Science. Proceedings of the 1960 International
Congress (E. Nagel et al., editors), Stanford University Press, 1962, pp. 125-135.

P. Erd6s and A. Tarski, On some problems involving inaccessible cardinals,
In: Essays on the Foundations of Mathematics (Y. Bar-Hillel et al., editors),
Magnus Press, Jerusalem, 1961, pp. 50-82.

H.J. Keisler and A. Tarski, From accessible to inaccessible cardinals: Results
holding for all accessible cardinal numbers and the problem of their extension to
inaccessible ones, Fundamenta Mathematicae, vol. 53 (1964), pp. 225-308.
Corrections, vol. 57 (1965), p. 119.

W.P. Hanf, Incompactness in languages with infinitely long expressions,
Fundamenta Mathematicae, vol. 53 (1964), pp. 309-324.

W.P. Hanf, On a problem of Erd!s and Tarski,
Fundamenta Mathematicae, vol. 53 (1964), 325-334.
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Ultraproducts and Measurable Cardinals

Dana Stewart Scott

Born: 11 October 1932 in Berkeley, California
Ph.D.: Convergent sequences of complete theories
Princeton University 1958. Supervisor: Alonzo Church

D.S. Scott, Measurable cardinals and constructible sets,
Bulletin of the Polish Academy of Science, vol. 9 (1961), pp. 521-524.

Then there was an EXPLOSION of work on Inner Models:

Gaifman
Solovay
Reinhardt
Kunen

And extensive independent work came from the Prague School:

Petr Vopéenka

Born: 16 May 1935 in Prague, Czechoslovakia
Ph.D.(?): On the dimension of compact spaces (in Russian),
Czechoslovak Mathematical Journal, vol. 8(1958), pp. 319-327.

Supervisor: Eduard Cech, Charles University
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A Last Word from Akihiro Kanamori

Theorem. [Kunen] In ZFC thereisnoj:V < V.

Kenneth Kunen, Elementary embeddings and infinitary combinatorics,
Journal of Symbolic Logic, vol. 36 (1971), pp. 407—413.

Kunen'’s result can best be viewed as an ultimate
limitation imposed by the Axiom of Choice on the
extent of reflection possible in the universe.

ZFC rallies at last to force a veritable
Gotterdammerung for large cardinals!

(The Higher Infinite, p. 324)
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But Don’t Forget for Future Study!

Matthew Foreman
Akihiro Kanamog
}4hf| ars

- —

P Aidbookd
Set Theory-

Volume 1

Matthew Foreman and Akihiro Kanamori (Eds.),
Handbook of Set Theory, Springer Verlag 2010,
xiv + 2197 pp., in 3 vols.

List Price: $699.00
Amazon Price: $546.82
You Save: $152.18 (22%)

Check Springer-Link for downloading chapters.
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One Parting Thought
“Off the Wall”

Which would be the more unsettling:

A proof without a conclusion?
or
A conclusion without a proof?

The study of large cardinals may
well leave us with one or the other
— or both!
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=R THE END- 2%

dana.scott@cs.cmu.edu
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